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Computability Review Problems

As we approach the end of the quarter, we'd like to provide some additional practice problems you
can use to review the material from the tail end of the course. If there are any topics for which you'd
like us to create some additional practice problems, please let us know!

Problem One: RE Languages
Suppose that you have a collection of n RE languages L₁, L₂, …, L  ₙ over the same alphabet Σ that
have the following property: every string in Σ* belongs to exactly one of L₁, L₂, …, or Lₙ. In other
words, L₁ ∪ L₂ ∪ … ∪ L  ₙ = Σ*, and every string in Σ* belongs to exactly one of the languages Lₖ.

Interestingly enough, just knowing this about L₁, L₂, …, and L  ₙ tells us something surprising: each
of these languages must be decidable.

Prove that all of these languages are decidable. As a hint, try showing how to construct an NTM or
verifier for the complement of each of the languages in the list.

Problem Two: Decidable Languages
All regular languages are decidable, but below is a purported proof that the regular language de-
scribed by the regular expression a*b is undecidable:

Theorem: a*b is undecidable.

Proof: By contradiction; assume a*b is decidable. Let D be a decider for it. Now, con-
sider what happens when we run D on a string of infinitely many a's followed by a b
and on a string of infinitely many  a's. Let's call this first string  x and the second
string y. Since D is a decider, it halts on all inputs, and therefore cannot run for an
infinitely long time. Therefore, D must halt before reading the last character of x and
the last character of y. Because x and y are the same except for their last character,
we see that D must have the same behavior when run on x and when run on y. If D
accepts x, then D also accepts y, but y is not in the language a*b. Otherwise, D re-
jects x, but x is in the language a*b. Both cases contradict the fact that D is a de-
cider for a*b. We have reached a contradiction, so our assumption must have been
wrong. Thus a*b is undecidable. ■

What's wrong with this proof?
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Problem Three: co-RE Languages
We only spoke briefly of the co-RE languages this quarter, but that doesn't mean they're not inter-
esting. In fact, they have several nice properties.

i. Prove that the co-RE languages are closed under intersection.

ii. The language LD, which we proved is not an RE language, is the language

LD = { ⟨M⟩ | M is a TM and M does not accept ⟨M⟩ }

There is an equivalent “diagonal language” for co-RE languages, given here:

RD = { ⟨M⟩ | M is a TM and M rejects ⟨M⟩ }

Prove that RD is not a co-RE language. As a hint, assume that you have a co-recognizer for
RD and see if you can derive a contradiction in the same way that we derived a contradiction
when assuming we had a recognizer for LD.


